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In the preceding paper, it was shown that the calculation of the density matrix p(¢)
for multiply connected ABC, etc., spin 1/2 spin systems can be greatly simplified by sub-
dividing the Hamiltonian H into (M, + H3), where H, is a suitable linear combination of
the constants of the motion. In this paper, a framework for the determination of the time
evolution of high-order multipolar quantum states is presented and discussed. Itis shown
that the necessary mathematical labour is reduced to a minimum by (i) exploiting the fact
that 7, is a good quantum number, and (ii) using the theory of partitioned matrices. For
example, it is shown that for a general n-coupled spin 1/2 system, the spin dynamics of
the Q = +Knax (£Kmax F 1) multipolar states, where Knax is the maximum tensorial
rank, can be determined without the need to diagonalize the full 2" x 2" Hamiltonian
matrix, where »n is the number of spins. In fact, to describe the time evolution of the
Q = (£ Kmax F 1) multipolar states it is only necessary to diagonalize two n X nmatrices
at most. Finally, some cautionary remarks are made concerning the use of the “weak-
coupling approximation™.

1. Introduction

In the preceding paper [1], it was shown that the determination of the time depen-
dent density matrix p(¢), for ABC, etc., coupled spin 1/2 spin systems, can be
greatly simplified by subdividing the Hamiltonian

H="H +Ha, (1)

where H; commutes with M. In practice, this is achieved by first identifying the con-
stants of the motion for H, and then choosing H; to be a suitable combination of
the constants of the motion. Further, it was also demonstrated that if Kmax is the
maximum rank available to the spin system, tensor operators of the form i‘??,:a, (k)
are simple constants of the motion under the action of H,. Such operators only
evolve in a Zeeman-like fashion under the action of H;.

In this paper, the problem of determining the evolution of high-order tensor
operators Tig(k) is addressed, where the order Q is less than the maximum rank
tensor K., available to the spin system. For example, we shall be specifically con-
cerned with the time evolution of the multiple quantum states Q = +2 for the ABC
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spin 1/2 coupled systems, and Q = +3 for ABCD spin systems. It is, of course, well
known that the number of lines in a multiple quantum (MQ) NMR experiment is
reduced as the MQ order is increased [2]. This is due to the reduction in the number
of “allowed” transitions as Am is increased. However, in this paper it will be shown
that the determination of the time evolution of high order tensors does not require a
full diagonalization of the 2" x 2" matrix for a n-coupled spin 1/2 spin system. In
fact, to determine the time evolution of the Q = +K,x F | multipolar states, it is
only necessary to diagonalize at most two n x nmatrices.

Finally, all the definitions and notations used in this paper follow those of the
preceding paper.

2. A three spin 1/2 scalar coupled 4 BC spin system

For the ABC spin 1/2 spin system discussed in [1], it can be shown that H; and
H, can be expressed in the partitioned form

o1 1 o o1 1 o

0lay 0 0 0 0jo0 0 0 o0
Hi/hi= 1|0 b, 0 0|, Hy/h=1]0 by, 0 0 (2)

/0 0 ¢ 0 |0 0 c 0

olo 0 0 4 o0 0 0 0

where the 1 x 1 4; and d; matrices, and 3 x 3 by, bs, ¢y, ¢; matrices are summarized
in Table 1. Here the 8 x 8 Hamiltonian matrix has been partitioned using the ficti-

Table 1
The matrices, ay, by, ¢1,d), and a, ba, €2, d; for the Hamiltonian of eq. (2).

a =380+37 (J.=+43/2); d=3A0+3] (J.=-3/2)
lAw-17 0 0 VeV 0 0
b = 0 D@ —17 0 ;oC = 0 1A -17 0
0 0 iao-17 0 0 —$Ap-17
(JT:=+1/2) (J:=-1/2)
;=0 (J.=+3/2); d=0 (J,=-3/2)
a+ Aw J:’S’C J,I4C a— Aw J;?C ‘,de
b; = ‘];}C b+ Awy J/léB ;o €= JIBC b — Aws J‘I,,B
Jie Jig o+ Auws Ty Jig = Auw
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tious spin labels {0, 1, 1/, 0'}, as discussed by [4]. In this notation the spin label 0 cor-
responds to the single entry under J,=3/2, 1 to the three entries under
J:=+1/2, 1 to the three entries under 7, = —1/2, and 0’ to the single entry
J: = —3/2. The fictitious spins 0 and 0’, 1 and 1’ simply refer to different parts of
the original 8 x 8 matrix, and have no physical significance. They are used solely to
simplify the necessary book-keeping, under various matrix manipulations. Note
that the two 3 x 3 matrices b, and ¢, contain off-diagonal terms. In the weak cou-
pling limit [3], these off-diagonal terms in H; are often dropped, an approximation
which holds well for non-degenerate spins in the high-field limit. In general how-
ever, such off-diagonal terms can cause considerable admixing between those states
with the same J, value. Finally, readers who are unfamiliar with non-square
matrices should note that although the region spanned by (1|0) appears to be square
ineq.(2),itisinfacta 3 x 1 (null) rectangular matrix.

We are now in a position to make an easy observation. Since the first and last
rows and the first and last columns in the 8 x 8 matrix of H; and zero, the highest
order tensor operators A, B, C, and A_B_C_ are constants of the motion under
H,. Thus the evolution of the Q = 3 tensors is determined solely by Hy, i.e.

e*iH]i/ﬁA+B+C+e+i'H|l/ﬁ — A+B+C+e—i3AtDt ) (3)

However, the evolution of the tensor operators A.B,, A,C,, B,C_, etc., sum-
marized in Table 2, is a little more difficult to determine. These operators are close
to but not exactly members of a basis set with well defined rotational properties. A
more appropriate set can be seen in Table 3. Nevertheless, since both sets of opera-
tors occupy those parts of the matrix spanned by (0|1’) and (1|0’), the conclusions
reached below are independent of which set is used.

Using the matrices set out in Table 2, the double quantum operators A B, can
be written in the abbreviated form:

Table 2
The double quantum operators A B, ctc. The numbers outside the matrices refer to the original
labels of the A BC spin-labelling sequence [1].

8
2 [0

<IIB+C+[0,>=3 OZQI
7 6 4 5 11
(OB+C4|1) =1 = «a —
2 [0

OJA,C,|1) =1 =g (1AL CL0Y =3 |1|=0
5 10]

OlABL1Y=1[1 0 0] = ~

(11A;:B,|0)) =

W W
[o=—]
il
2.
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011 0

0[O0 0 ~ O
AiB,=1]0 0 0 « (4)

{0 0 0 O

0|0 0 0 O

Further, on invoking the nested commutator relationship,

p(t) — e—iHlt/hp(O)e-i—ﬁi,t/ﬁ

. N 2
= 0(0) = 5 1,00+ 51 () 7, 7t (O] — . )
and substituting (2) and (4) into (5), we find after some minor manipulation
e~ M/hA B, oMt/ — yoitlm=ct) | p=itlbi=di)
_ ,.Ye—-ia,le—Hc;l + e+id|te-tb11,7/ ’ (6)

where we have made use of the fact that the 1 x 1 matrix a; commutes with the
3 x 3matrix ¢y, etc. At first sight, the reader may have some difficulty in reconciling
the idea that the exponential arguments can contain matrices of differing sizes.
However, it should be born in mind that the both v and +' are 1 x 3 and 3 x 1
matrices, respectively. So when the exponentials are expanded, and multiplied by ~
and 7/, only 1 x 3 and 3 x 1 matrices remain, residing in those parts of the
Hamiltonian matrix spanned by (0|1’) and (1]0’), respectively.

Eq. (6) can be simplified considerably. First, we observe that for H;, the
3x3 matrix b; 1is diagonal with the triply degenerate eigenvalue
(1/2)(Aw — J/2). Similarly, matrix c; is also triply degenerate with the eigenvalue
(1/2)(—Aw — J/2). Consequently, we can re-express (6) in the form

1 (1) — e—lﬂlt/hA+B+e+iH,t/fx
—iGAG+) pHi(—3AT—3]) o o Hi(—30G+3T)1 ,—i(jAG—T )t
205+ + 7/ e-i(zAJ)—J)z’ (7)

ES fye"
a not entirely unexpected result. In essence, eq. (7) shows that the double quantum
operators A.B, (y and «/) oscillates at the double quantum frequencies of
(2A& £ J), respectively, under the action of H,. This is illustrated schematically in
the left hand side of Fig. 1.
To complete our discussion of the evolution of the double quantum operator
A B, it is now necessary to examine the evolution of the density p, (¢) of (7) under
‘H». From an examination of (2), it will be observed that the problem is somewhat
easier than that of H; in that both a; and d; are identically equal to zero. However,
the 3 x 3 matrices by and ¢; are non-diagonal. Proceeding as before, we find
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3 a=, 3 .3
5Am+77 3, = +3

LA J 3, = 42

Fhuiadiey z 2

a1 - L

I —5Am-—4-7 3, = -3
3 a3 _ 3

—;Am+77 3, = -3

Fig. 1. The energy splitting of the 4 BC spin system under the action of H; and H; + Hs. The energy
levels are labelled with the good quantum numbers 7. In all there are one triple quantum, six double
quantum, and a maximum of fifteen single quantum frequencies.

p(t) = e—th/hA+B+e+z‘Ht/fz = e—z‘iizt/hpl(t)e+mzz/h

- ’ye+"c2 e—(zaa-ﬂ)z + e—zbzt,yle—(ZAQ—J)t ) (8)
Thus we have arrived at a closed form expression for the evolution of the double
quantum operators under both H; and H,. However, to proceed further, it is neces-
sary to diagonalize the 3 x 3 matrices b, and c,. On denoting the required 3 * 3 uni-
tary matrices by U, and U, (8) can be recast as

,D(t) — e_th/ﬁA+B+€+th/ﬁ :,yuc(u;le+itcluc)u;1e—(ZALD+.7)t

+ ub (a;le~i!b2ub)u;1,)/e—(2A(D—j)t . (9)

From an examination of (9) it is clear that the triply degenerate double quantum
frequency (2A@ + J) of H, will split into three frequencies of w(c), — (2Aw + J),
w(c), — (280 + J), and w(c); — (2A& + J), where w(c);, w(c), and w(c), are the
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eigenvalues of c,. Similarly, the degeneracy of the double quantum frequency of
(2A& — J) will also be lifted by the eigenvalues of b,. Thus there will be a maximum
of six double quantum frequencies, as shown schematically in the right hand side of
Fig. 1. However in practice, the actual number of double quantum frequencies
determined experimentally is often lower, being determined by transition matrix
elements such as

T™ = (J. = —1/2 T3 (k)| = 3/2), (10)

where there are three distinct, but possibly degenerate, |7, = —1/2) eigenfunctions
belonging to the 3 x 3 c; matrix of Table 1.

Finally, we note also that only if b; and ¢, are diagonal will the matrices v and
+ remain intact and oscillate at a single frequency. In general, the matrices o, 3, v
and o, ', v will admix as time progresses. That is A, B, will evolve into A, C.
and B, C, components and vice versa.

Next, we address the more difficult problem of calculating the evolution of the
single quantum operators, say A, . For these operators their matrix counterparts
take the form

01 1 0
00 ¢ 0 O
A, =110 0 6 0 (11)
/0 0 0 ¢
fo 0 0 0

Since the precise form of the matrices ¢, 8, €, is unimportant for our discussion,
we shall not trouble to write them out. After some manipulation, we find

Pl(t) - ewi?i;t/sz*e«I»iH,I/h — Ee—il(a;—b|) + €~”(c‘—d')6/ + e—-itll,(s’ (12)

where £, is the Louiville operator

L6 =[H1,6]_ =b16—bc; . (13)
For H,, the matrices b; and c; are diagonal and triply degenerate. Consequently,

L16 = AGS (14)
and so

pi(t) = e-tﬂ|t/hA+e+iH11/h — o {(BI+D) +e—i(Au‘)—7)t€I + emiBw g (15)

Thus under H, the evolution of A, is characterized by the three single quantum fre-
quencies (Aw + J) and A, although these are not observed in practice. To deter-
mine the true single quantum NMR frequencies, we must examine the subsequent
evolution of p; (¢) under H,. We find
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p(t) - e—-int/)‘xpl (Z)e+i7-tzl/ﬁ
— et e—i(AGH—j)l + eiter ! e—i(Ao-J)z + e~ itlr 59—1'&:;:’ (16)
where
L6 = [Ha,8]_ = b6 — b¢, . (17)

From an examination of the first two terms in (16), it is clear that the NMR signals
will be determined by the eigenvalues of say b, minus (Aw + J), etc. However, the
calculation of the third term is much more difficult. In summary, therefore, even
the use of partitioned algebra does not help us to find simple closed form Am = +1
solutions for A BC systems.

3. A four spin 1/2 scalar coupled ABCD spin system

For the ABCD four spin 1/2 assembly discussed in paper I, the relevant
Hamiltonians H; and H; can be expressed in the partitioned form

0 3 3 %0 0 3§ %0
ag. 0 0 0 O 0 0 0 0 0
ok = 0 by 0 0 0, Ha /b = 0 b, 0 0 O (18)
0 0 ¢ 0 O 0 0 ¢ 0 0
0 0 0 4 O 0 0 0 d, O
0 0 0 0 ¢ 0 0 0 0 O

where the relevant matrix entries are summarized in Table 4. Here the 16 x 16

Table3

Unit tensor operators for an A BC coupled spin 1/2 system, with order Q = +2.
T3;t3(ka) = :FA:L“BiCi T::ZE:Z(K'y) = éBiCi

- 3 -

TiZ (I—(a) = (%)I{A:B:&Ci + AiBzCi + An‘:BiCz} TiZ(lﬁé) - %Aici

T1,(k,) = F5[AB:Co + ALB.C. - 2A,B:C.|  Tl,(k) = 5A.B.
Tzﬂ(kﬁ) = F[A,B.C. — A:B,Cy]

Three coupled spin 1/2 tensor operators Two coupled spin 1/2 tensor operators

Legend coupling schemes:

k, ki+ky=K'(=2); K +ke=K(=1,2,3)
Ky ks +kz=K'(=1); K +kc=K(=0,1,2)
k, k(=0 +kp=K'(=1); K +ke(=1)=K(=0,1,2)
ks kq+kg(=0)=K'(=1); K +ke(=1)=K(=0,1,2)
k :kstks=K'(=2); K +ke(=0)=K(=2)
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Table4
The matrices, a;, by, c1, dy, €1, b, €2, and d; for eq. (18). Xis the unit matrix.

a = (206 +37); e =(-2A5+37)
by = Acl(4 x 4); dy = —ATI(4 x 4)
¢ = —3JI(6 x 6)

a+Aw  Jep JBp Jiap a=-Aw  Jgp Tbp Jap
by = Jep b+ Dwy Jpe Tie | d = Jep  b—Awy  Jpe Jac
Ihp Jpe  dt+Aws Ty |0 Tap Jpe  d—Awg Ty
Jip Jic Jipg g+ Aw; Jap Jic Jug &~ Duwy
ct+ODwy  Jpe Jap 0 Jip Jac
Jse e + Aws Jen Jip 0 Js
= T8 Jep  fH+Dws T Tin 0
0 Jhp Jye ¢ — Aws Jee Jep
Jip 0 Tiz Jpe €= Duws Jep
Jac Jis 0 Jho Jep S —Auwg

matrices for H; and H, are labelled according to J,= %2 (1 x 1 matrix),
J. = +1 (two 4 x 4 matrices), and 7, = +0 (one 6 x 6 matrix), which suggests the
abbreviated labelling scheme {0,3/2,5/2,3/2',0'}. Once again, H, is diagonal and
presents no real difficulties. On the other hand H; contains both diagonal and off-
diagonal terms. Note that (i) the definitions of the coefficients a, b, c, etc., differ
from those used for the A BC system, as stated in [1], and (ii) the first and last rows
and the first and last columns in the 16 x 16 matrix of H, are zero. Thus
A,B,C,D,and A_B_C_D_ are constants of the motion under H,.

We are now in a position to examine the evolution of| say, the triple quantum
term A B,C, whose matrices are summarized in Table 5. Proceeding in exactly
the same fashion as for the ABC spin system, the evolution of the A B, C, triple
quantum operator under H, is given by

e MEA B, C et = gemitla—di) | pmitlbime) o
— ae—il(3A0+3.7/2) + e—it(3AQ—37/2)a/ , (19>
where the matrices « and ' are defined in Table 5. Consequently, the evolution of
the triple quantum operator under the total Hamiltonian H is given by
p(l‘) — e—iH:/ﬁA+B+C+e+iH1/ﬁ

— ae+izdze-it(3Am+37/2) + e—it(3AG)-37/2)e-izb2a/ ) (20)
Note that the 6 x 6 matrices ¢; and ¢; play no role in determining the evolution of
the triple quantum states. In fact to determine the beating frequencies associated
with the evolution of any triple quantum state available to the four spin 1/2 system
it is only really necessary to diagonalize say the 4 x 4 matrix b,, given that b, and
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Table 5
The triple quantum operators A, B, C., etc. The numbers outside the matrices refer to the original

labels of (22) of [1].

15 14 12 8
(OA;B.C4 D=1 [1_0 0 0]= «
OAB,DyH=1[0 1 0 0]= g8
OA,C.DLH=1[0_ 0 1 0]= ¥
(0B,CyD4|3)=1[0_0 0 1]= a
16 16
2 |1 2 o
Z|ALBLCLI0) =3 |0|=0; (|ABDL|0)=3 |1|=4
510 510
9 0] 9 [0
2 [0] 2 [0
310 310
<%IA+C+D+[0’>=5 1 F 7 <%!B+C+D+|0’>=5 oY
9 (0] 9 |1

d, are simply related. Thus a maximum of eight beating frequencies is possible,
although the actual number will be reduced by symmetry considerations.

Clearly, the methods described in this and the preceding paper can be extended
to higher numbers of connected spins. For example, for n-coupled spin 1/2 nuclei,
the nth order multiple quantum state is a constant of the motion under H; and
evolves at a frequency of nAw under H;. Further, for n-coupled spin 1/2 nuclei it is
only necessary to diagonalize at most two » x » matrices to determine the beating
frequencies associated with the Q = +K,,x F 1 multipolar states.

4, Conclusions

In this paper, the spin dynamics of high order multipolar states with
Q = +Kpnax and Q = +Knax F | for multiply connected spin 1/2 nuclei have been
examined using (i) the fact that 7, is a good quantum number, and (ii) the theory of
partitioned matrices. In particular, it has been shown that to describe the spin
dynamics of high-order multipolar states with Q = +Knax F 1, it is only necessary
to diagonalize at most two # x n matrices. Since the full Hamiltonian matrix has
dimensions of 2" x 2", this constitutes a considerable saving in mathematical
labour.

Finally, a word of caution has been given concerning the weak-coupling approxi-
mation, particularly for homonuclear spin systems. In this approximation, the ori-
ginal single spin Zeeman labels are still good quantum labels. However, it is
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apparent, from an examination of the matrices by, ¢, in Table 1, and by, ¢;, and d;
in Table 4, that considerable admixing will take place between states with the same
J: (= A+ B, + C, +...) values. Thus conclusions based on the weak coupling
limit should be viewed with caution, not only in the limit Aw — 0, but also in the
presence of degeneracies.
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